Abstract-A toroidal field coil (TFC) is composed of several individual toroidal coils (ITCs), which are connected in a series and distributed in a toroidal and symmetrical form. Cross section of ITCs is rectangular or negligible. This paper presents analytical equations for mutual inductance of two ITCs applicable to Tokamak reactors using the filament method. These equations are based on those formulated by Neumann. The numerical analysis of the integrations resulting from these equations is solved using the extended three-point Gaussian algorithm. The finite element method (FEM) is employed to verify the mutual inductance equations of ITCs. The results obtained using the FEM, when dimensional parameters of ITCs are changed, confirm the analytical and empirical results showing an error of less than 0.2043% in the worst case. This indicates the reliability of the presented equations.
INTRODUCTION
Different coils in the area of superconductor magnetic energy storage (SMES), nuclear fusion reactors, and Tokamak reactors have been studied [1] . As an example, all Tokamak reactors have an array of TFC, poloidal field coil (PFC), and central solenoid coil (CSC). The TFC is composed of several ITCs connected in a series and distributed in a toroidal and symmetrical form. The magnetic field line is created by a combination of TFC, PFC and a toroidal plasma current. Note that a helical toroidal coil (HTC) can create the magnetic field line, as well [2] [3] [4] [5] [6] [7] . The CSC is used to drive the toroidal plasma current in a Tokamak reactor. The magnetic part of a Tokamak reactor is shown in Fig. 1 . As seen in this figure, each of TFC, PFC, and CSC is composed of several ITCs which are distributed in different forms. The capability of modular implementation of the TFC is one of its main advantages over the HTC [8] .
An inductive link consists of two ITCs, forming a loosely coupled transformer. An ITC consists of several coaxial circular rings. Each ring of an ITC has an inductive link with a ring of another ITC, and there is a mutual inductance between them. In this paper, all of the rings belong to the first and the second ITCs are called primary and secondary rings, respectively. Each primary ring (in the first ITC) generates a magnetic field that is partly picked up by the secondary ring (in the second ITC). In this way, the power can be transferred wirelessly. The decrease in power transfer efficiency of the inductive power system is caused by lower mutual inductance due to misalignment of the rings. Therefore, in the equations of the mutual inductance between two rings, misalignments have to be taken into consideration. Many investigations have been done in the literature to the problem of mutual inductance calculation for coaxial circular coils [9] [10] [11] [12] [13] [14] [15] . These contributions have been based on the application of Maxwell's formula, Neumann's formula, and the Biot-Savart law. The mutual inductance of coaxial circular rings can be obtained in analytical or semi-analytical forms expressed by elliptical integrals of the first, second, and third kind, Heuman's Lambda function, Bessel functions, and Legendre functions [16] [17] [18] . However, the calculation of the mutual inductance of non-coaxial circular rings is of fundamental practical interest to electrical engineers and physicists. In this paper, we will present the mutual inductance between two inclined ITCs when either their axes intersect at the center of one of the ITCs or their axes intersect but not at the center of one of them. This is accomplished using complete elliptic integrals of the first and the second kind. Also, we will use the filament method [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] to calculate the mutual inductance between two ITCs. These ITCs may have any cross-section. Note that the analytical equations are purely 3-D because ITCs' axes may be coaxial or non-coaxial. In this paper, we use extended threepoint Gaussian numerical integration to solve the presented equations. They are validated using the FEM. This paper is organized as follows: In Section 2, analytical equations are presented to calculate the mutual inductance between two inclined rings when either their axes intersect at the center of one of the rings or their axes intersect but not at the center of one of them. In Section 3, analytical equations are presented to calculate the mutual inductance between two inclined ITCs when either their axes intersect at the center of one of the ITCs or their axes intersect but not at the center of one of them. In Section 4, the analytical results of Sections 2, and 3 are compared with the FEM results. Finally, in this section, magnetic flux density of two series ITCs is demonstrated.
ANALYTICAL EQUATION FOR MUTUAL INDUCTANCE BETWEEN TWO RINGS
In this section, the analytical equation for mutual inductance between two inclined circular rings is presented (see Fig. 2 ).
This equation is derived using Neumann's equation and is solved using complete elliptic integrals of the first and the second kind and the numerical integration method. The numerical integration method is based on the extended three point Gaussian algorithm [29] . The mutual inductance between two filamentary circular rings with inclined axes, one with radius R ph , and another with radius R sl , whose centers are not on the same axis, can be calculated as:
where Figure 2 . Two inclined filamentary circular rings (axes intersect but not at the center of either).
R ph the radius of the primary ring (larger ring); R sl the radius of the secondary ring (smaller ring); c gp the latitudinal distance between rings' centers; y p the longitudinal distance between rings' centers; θ the angle between ring's axes; K(k r ) the complete elliptic integral of the first kind; E(k r ) the complete elliptic integral of the second kind; Q 1/2 (x r ) Legendre function of the second kind and half-integral degree; µ 0 = 4π × 10 −7 H/m the magnetic permeability of the vacuum.
ANALYTICAL EQUATION FOR MUTUAL INDUCTANCE BETWEEN TWO ITCS
For the calculation of the mutual inductance between all inclined circular rings of two inclined circular ITCs either with rectangular or negligible cross section, we use the well-known filament method and Equation (1) . In the following calculations, we take into consideration two ITCs when either their axes intersect at the center of one of the ITCs (Case I) or their axes intersect but not at the center of one of them (Case II). Note that Case II is a global state of Case I. Fig. 3 shows Case II where the secondary ITC is inclined. In this paper, the cross sections of the primary and the secondary ITCs are considered rectangular. The symbols in this figure are as follows: Note that all centers of the rings of the inclined secondary ITC lie in different points away from the axis of the primary ITC. Similarly, all centers of the rings of the primary ITC lie in different points away from the axis of the secondary ITC. The centers of these rings are on the same axes (see Figs. 4 and 5) . In fact, in these arrangements we obtain a set of coupled filamentary inclined rings. So, it is necessary to make some modifications in the filament method to take into consideration the different positions of the primary and the secondary rings which are, respectively, replaced by the primary and the secondary ITCs.
Thus, the mutual inductance between two inclined circular ITCs of rectangular cross section can be obtained in the following form:
where:
CONFIRMATION OF ANALYTICAL RESULTS USING FEM
The FEM is a numerical and computer-based technique for solving a variety of practical engineering problems that arise in different fields. It is recognized by developers and users as one of the most powerful numerical analysis tools ever devised to analyze complex problems in engineering. Because of its diversity and flexibility as an analytical tool, it is receiving much attention in engineering schools and in industry [30] .
In this section, the mutual inductance between two ITCs are obtained using FEM when one of the dimensional parameters (H rp , H zp , C) are varied. Also, the real depth of penetration of two series ITCs versus frequency is obtained using FEM in the presence of a traveling plane electromagnetic wave. Then, the obtained results are compared with the corresponding analytical results. Fig. 6 shows the implemented model of two ITCs using FEMM software. As seen in this figure, because the ITCs have a symmetrical axis, it is enough to mesh only the half of the ITCs in FEM analysis. In this paper, nonuniform triangular meshing with open boundaries is used to simulate the experimental environment. The parameters of the ITCs are given in Table 1 . [31, 32] . The error resulting from the comparison between the empirical and the FEM result is calculated 0.01%. Additionally, the analytical result, which is obtained using Equation (1), shows an error of 0% when compared with the empirical result. Note that an "empirical result" is a formula based on observation experiments. In this paper, it means that other researchers have performed experiments in the laboratory and developed a correlation between the inputs of the experiments and the outputs. So, the developed equations do not rely on basic science; they are just based on experimental works. Figure 7 shows the magnetic flux density of two series ITCs when the current flowing through ITCs is 10 [KA]. As seen in this figure, the magnetic flux density is concentrated in the inner radius of the ITCs. Fig. 8 confirms this issue and shows that the magnetic flux density concentration occurs in the inner radius of the ITCs. Note that the magnetic flux density in Fig. 8 is drawn between two ITCs for z = 50 [mm] . Figure 9 and Table 2 compare the FEM and the analytical results of the mutual inductance between two ITCs versus L p . The relation between L p and H rp is given in Equation (13) . This figure shows that the mutual inductance decreases when H rp increases. In other words, the inductive link between two ITCs decreases when L p increases while R p remains constant. This figure also shows that the decrease rate of mutual inductance in the inner rings of the primary ITC is much more than the increase rate of the mutual inductance in the outer rings of the primary ITC. The measured average error is less than 0.2043%. This error may be due to the mesh size and the computational error. Comparing the FEM and the analytical results of the mutual inductance versus the volume of the primary ITC. Figure 10 and Table 2 compare the FEM and the analytical results of the mutual inductance between two ITCs versus W p . The relation between W p and H zp is given in Equation (14) . This figure shows that the mutual inductance increases when H zp increases. In other words, the inductive link between two ITCs increases when W p increases while other parameters remain constant. From this figure it is also deduced that the increase rate of the mutual inductance in the upper rings of the primary ITC is much more than the decrease rate of the mutual inductance in the lower rings of the primary ITC. The measured average error is less than 0.1354%. Figure 11 and Table 2 compare the FEM and the analytical results of the mutual inductance between two ITCs versus the volume of the primary ITC (Volume p ). The relation between Volume p and H zp and H rp is given in Equation (20) . This figure shows that the mutual inductance decreases when Volume p increases. In other words, the more concentrated the primary ITC, the more mutual inductance between two ITCs. The measured average error is less than 0.0815%. 
CONCLUSION
Detailed electromechanical analyses, including finite-element calculations, have been performed for hundreds of Tokamak designs including designs with round, D-shaped, and racetrack-shaped coils. In this paper, we derived analytic expressions for coil sets where the plane of the coil is tilted at an angle with respect to the radial plane.
The fundamentals of the analysis of mutual inductance presented in this study are helpful for the design and implementation of Tokamak reactors. This paper presented analytical equations of mutual inductance between two ITCs. These equations were solved using analytical and finite element methods. The MATLAB program was used for a numerical simulation of the mutual inductance, and the FEMM software was also employed for a magnetic analysis of two ITCs. Comparing the analytical and the FEM results shows that the obtained errors is less than 0.2043%. Therefore, the proposed equations are highly reliable.
